Kinetics of free-radical copolymerization:
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The pseudo-kinetic rate constant method in which the kinetic treatment of a multicomponent polymerization
reduces to that of a homopolymerization is a useful tool to analyse the kinetics of copolymerization. This
method is applicable not only for the systems described by the terminal model for copolymerization but
also for those described by the higher order Markov chain statistics such as the penultimate model. It has
also been clarified that this method can practically be applicable even when the effect of the chain length

dependent bimolecular termination reaction is significant.
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INTRODUCTION

Conventionally, copolymer composition has been the
main interest in the study of the kinetics of copolymeriz-
ation. However, in order to synthesize superior quality
polymers, control of the molecular weight distribution
(MWD) as well as that of the copolymer composition
distribution is important. It is well known that free-
radical copolymerization involves various elementary
reactions and that as the number of components increases
the kinetic expressions become fairly complicated. In
order to avoid such complications, the pseudo-kinetic
rate constant method has been developed.

The pseudo-kinetic rate constant method has been
applied to some copolymerization kinetic studies! 3, and
recently a kinetic model for non-linear copolymerization
has also been developed*’ based on this method. It is
important to clarify where specific approximations are
made and where these approximations are acceptable.
Furthermore, it is of great interest to know whether this
method is applicable when chain length dependent
bimolecular termination of polymer radicals is significant.

In this paper, after clarifying the meaning of the
pseudo-kinetic rate constant method, it is extended to
the systems with chain length dependent bimolecular
termination, multicomponent polymerization and to
those described by the penultimate model for copolym-
erization.

THE PSEUDO-KINETIC RATE
CONSTANT METHOD

Based on the terminal model for copolymerization, the
pseudo-kinetic rate constants for propagation reaction,
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k,, chain transfer to monomer, k,, chain transfer to
small molecule (T), k¢, termination by disproportion-
ation, k4, and termination by combination, k.., are given

by the following equations'~":

N N

kp: Z z kijd)i.fj (1)
i=1 j=1
N N

kfm= Z Z kf.-jd)i.fj (2)
i=1 j=1
N

ka= Z ka,-d)i. (3)
i=1
N N

ko= Y ka, 00/ 4)
i=1 j=1
N N

ktc= Z z ktc.—,—d)i.d)j. (5)

i=1 j=1

where N is the number of components, and k;; and kg,
are the kinetic rate constants for propagation and chain
transfer to monomer, respectively, and the subscripts i
and j are used to designate the type of polymer radical
and monomer, respectively. The kinetic rate constant,
K¢, is used for chain transfer to small molecule (T), and
k,q,, and k,,, . are for termination reactions by dispropor-
tionation and combination, respectively. The mole fraction
of radical of type i is ¢, namely:

N
¢ =[R/] / Y. [R{1=[R;VIR] (6)
i=1
where [R;] is the polymer radical concentration whose
radical centre is located on monomer unit i.

The mole fraction of monomer j in the monomer
mixture is f;, namely:

f,~=[M,-]/'Z (M;]1=[M,)/[M] 7)
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(In the bimolecular termination reactions, chemically
controlled termination reactions are assumed. However,
since termination reactions in free-radical polymerization
are controlled by diffusion even from the start of the
polymerization®~'!, equations (4) and (5) must be
modified using an appropriate model which accounts
for the diffusion-controlled termination reactions!?-14,
However, such modification is not essential in the context
of this paper.)

By application of the pseudo-kinetic rate constants
defined by equations (1)—(5), the rate expressions for each
type of reaction reduce to those of homopolymerization.
For example, the polymerization rate (propagation rate),
R,, and the termination rate, R,, are given by:

R,=k,[R'I[M] ®)
R.=(ky+k)R]? ©)

where [R'] is the total polymer radical concentration and
[M] is the total monomer concentration.

These rate expressions are exact, however, it is not
self-evident whether these pseudo-kinetic rate constants
can be used for the calculation of the MWD of copolymers.
In the appendix of an earlier paper®, the necessary
condition for the pseudo-kinetic rate constants to be used
to calculate the chain length distribution was shown to
be that the mole fraction of the polymer radical type is
independent of chain length, namely:

Gy =1 = ==, =" (102)
¢z'=¢1.2.=¢’2,2'= T =¢r,2.= (10b)

P3=¢13=¢3 =" =3 =" (10c)

where ¢, ;" is the mole fraction of the polymer radicals
of type 1 with chain length r, namely:

¢ =[R, ] / Y R 1=[R, VIR, T (1)

i=1

It is obvious that if ¢, #¢,’, equation (10a) is
mathematically incorrect. However, if ¢, ;" converges
rapidly enough to its overall value, ¢,°, equation (10a)
may be practically satisfied. It is expected that the effect
of initial transients of the type of polymer radicals with
respect to their chain lengths is negligibly small for very
long polymer chains'>'®. Previously, the necessary
condition for equation (10a) to be practically satisfied
was stated to be that the variance of copolymer composi-
tion distribution for copolymers produced instantaneously
(in a very small time interval) is negligibly small*.
However, as shown by the Stockmayer bivariate distri-
bution of chain length and composition!’, it may take
chain lengths greater than several hundred for the
variance of copolymer composition distribution to be
negligible (see, for example, Figure 1 of ref. 4). It may
have been considered that the pseudo-kinetic rate constant
method is just an approximation, and may be applicable
only for copolymers with very high molecular weights.
However, in terms of the chain length distribution, the
applicability of this method may be higher than expected
previously. Let us clarify how fast ¢, ;" reaches the steady
state.
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BINARY SYSTEMS

Initial transition of the mole fraction of polymer
radicals (¢, ;")

By application of the stationary-state hypothesis (SSH)
for polymer radicals with chain length r, the concentration
of polymer radicals of type i, [R, ], is given by’:

_ i 1| UrPu/k 0
R, "1 [R, =Unh P
((Rex] Ry D)= ,)[ 0 uzpu/kzj

([R,:']. [R,:D=([R,-1,:'], [R,-1,2"])

XI: U1P11 U2P22k12/k22:| (722) (13)
U1P11k21/k11 U2P22

where i;[M,] and i,[ M,] give the formation rate of R, ;"
and R, ,’, respectively. For example, i; is given by:

iy =k [Riy T4k, [Ry ] +ke, [R,7] +kpl’[T'] (14)

where [R;,] is the initiator radical concentration, k, is
the rate constant for initiation reaction between R,,” and
M,, and k" is the rate constant for re-initiation between
T" and M,. The probabilities of growth for polymer
radicals of types 1 and 2, respectively, are U, and U,
and are given by:

k{,[M;1+k;,[M,]

1= (15)
ki [IM 1+k[M;]+¢
k) [M]+k5,[M,]
2= (16)
ky M J+k,,[M]+18,

where t,[R, ;"] is the production rate of dead polymers
from R, ;" and ¢, is given by:

ty=(Ka,, +Kie, IR T+ (Kug, + ko, )R+ kg, [My]
+ke, [M2]+ker, [T] (17)

with a similar definition for ¢,. P, is the probability that
a growing polymer chain with M, end adds another M,
unit (for a binary system with terminal model, P, =
k;[M]/(k;;[M;]+k;,[M,])), and P, is the prob-
ability that a growing polymer chain with M, end adds
another M, unit.

Table 1 shows some of the calculation conditions and
their calculated results. In all cases shown in Table I, the
mole fraction of radical of type 1 with chain lengthr (¢, ;")
reaches its steady state within 10 steps, which is usually
negligibly small compared with the whole chain length
of a polymer chain. However, it is worth noting that the
limiting radical fraction, ¢, ;" must coincide with the
overall value, ¢," in order for equation (10a) to be
applicable. Next, let us examine the limiting radical
fraction, ¢, ;°, and the overall (average) mole fraction
of radical of type 1, ¢,".

Limiting and overall radical fraction
From equation (13),[R, ;J/[R, "] (= A,)is given by:
- M,] y U, (k;2[M;]+k;,[M,]) o kyjA4,-1+ky
T OIM,] Uplky M 1+k 5[Mp]) kap+kgad, -
(18)

If A, converges to A, A must satisfy the following
quadratic equation:

A2+ (Ky1 /Ky 2)ry—pr)A—(Kay /Ky 2)?u=0 (19)
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Table 1 Calculation conditions and calculated mole fraction of radical
of type 1 (¢,1")

Calculation conditions®

I 11 I v
U,/U, 1 1 0.99 0.9
i) /i, 1 2 1 1
Calculated results
(.
r I II 11 1AY
1 0.35443 0.52336 0.35213 0.33071
2 0.41063 0.36819 0.40872 0.39061
3 0.39744 0.40748 0.39549 0.37719
4 0.40061 0.39820 0.39866 0.38027
5 0.39985 0.40043 0.39791 0.37956
6 0.40004 0.39990 0.39809 0.37973
7 0.39999 0.40002 0.39805 0.37969
8 0.40000 0.39999 0.39806 0.37970
9 0.40000 0.40000 0.39805 0.37970
10 0.40000 0.40000 0.39805 0.37970
0 0.4 04 0.39805 0.37970
¢t 0.4 04 0.39795 0.37855

91, =04, r,=06, f,=0.25, kyy/k,, =2
b ¢," changes with the absolute values of U, and U,. Values shown
are based on U, =1

where r; and r, are reactivity ratios, and:

'u:f1(rzf2+f1)U1
farifi+12)U,
When U,/U,=1, A=k,, f,/(k,,f>), so that:

— k21f1
k21f1+k12f2

However, in general, ¢, ;" changes with the ratio U, /U ,.
Next, let us consider the overall polymer radical
fraction ¢,". By application of the SSH for [R;"] and
[R,’], the ratio [R,"]/[R,] is given by’:
[RyT_ (kay/k oKL LA = Us)Us 12 o+ f)+Hf1) (22)
[R;7] LIA-U)U I f1+f2)+1,
where I, =i,[M,]/(i;[M,]+i,[M,])and I,=1—1,.
Therefore, the overall radical fraction ¢, is dependent
on the absolute value of U, and U,. If U, and U, are

very close to unity, equation (22) can be approximated
by:

Dot (UyU,=1) (21

. Ky /1
Py =
ko1 fitkizfa

As shown in equations (21) and (23), if U, and U, are
very close to unity, ¢, ;" is practically equal to ¢, .
The calculated results for ¢, ;" and ¢," are also shown
in Table 1. Figure 1 shows the change in the difference
between ¢, ;" and ¢,’, and that of the number-average
chain length of polymer radicals, Py, as a function of U,
under the condition of U,=1.0. When Py’ is larger than
a few hundred, the assumption that ¢, ;"=¢;" may be
practically acceptable as shown in Figure 1. Furthermore,
when Py is larger than a few hundred, the contribution
of polymer radicals with chain length smaller than 10 in
which the fluctuation in radical fraction is significant may
be negligible with respect to the chain length distribution.

(23)

Note, Py is equal to that of dead polymers Py, if
termination reactions by combination do not occur.
Roughly speaking, the necessary condition for the
application of the pseudo-kinetic rate constant method
to the calculation of the chain length distribution is that
Py is larger than a few hundred. Incidentally, it is worth
noting that the usual copolymer composition equation
based on the terminal model!®-2°, which is sometimes
called the Mayo-Lewis equation, assumes that equation
(23)is valid, and therefore, the condition that Py is larger
than a few hundred is also necessary for the application
of the usual copolymer composition equation.

A comparison of the chain length distribution of the
polymer radicals is shown in Figure 2. The prediction by
the pseudo-kinetic rate constant method agrees satis-
factorily for r>5. Even when Py’ is as low as 31.3, the
error caused by the use of the pseudo-kinetic rate
constant method may be small as shown in Figure 3a
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Figure 1 Differences of ¢ ;" and ¢," and the number-average chain
length of polymer radicals, Py, as a function of U, (U,=1.0,r,=04,
r,=06, f,=0.25, k,,/k,,=2,i,/i,=1.0)
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Figure 2 Polymer radical concentration, [R, ,'], as a function of chain
length, r (P’ =933, k,, =400, k,,=1000, k,; =200, k,,=120,[M,]=2,
[M,1=6, ¢,,'=10, Ri=5x10"%, k,=5x107). @, Exact solution;
, pseudo-kinetic rate constant method
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Figure 3 (a) Polymer radical concentration, [R, ,'], as a function of chain length, r (Py =31.3, Ryj=5x 1075, k,=5x 10%. Other conditions are the
same as in Figure 2). (b) Polymer radical concentration by weight, r [R, "], as a function of chain length, r. Calculation conditions are the same
as in (a). Even when the number-average chain length is as low as 31.3, the difference between the exact solution and the pseudo-kinetic rate
constant method may be small. @, Exact solution; ——, pseudo-kinetic rate constant method
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Figure 4 Polymer radial concentration, [R, '], as a function of chain
length, r (strong alternating tendency, Py =520, k,, =40, k,, =1000,
k,; =200, k,,=12. Other conditions are the same as in Figure 2).
—— @ ——, Exact solution; ——, pseudo-kinetic rate constant method

and b. (Please note that the distribution of [R, ] and
r[R, "] is equivalent to the instantaneous number- and
weight-chain length distribution of dead polymers, if the
effect of termination reaction by combination is negligible.)
Another example in which the alternating tendency is
strong is shown in Figure 4. It may take longer to reach
the steady state when the alternating tendency or block
character is strong, however, it may be considered that
the pseudo-kinetic rate constant method is valid for the
most statistical copolymerization systems. The weight-
chain length distribution, W*(r), is therefore given by
(see Appendix):

WH(r)=(c+BHlr+(B2)c+B)r— D@ (24)

where
1=(R¢+Ry)/R, (29)
B=R./R, (26)
O=1/(1+7+p) 27

and R,=propagation rate (=k,[R7]J[M]), Ry=rate of
chain transfer (= {kg,[M]+ke[TI}R']), Rg=rate of
termination by disproportionation (=k4[R'}?) and R, =
rate of termination by combination (=k,[R']?).
Equation (24) is not the MWD, however, since the
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variance of copolymer composition distribution is neg-
ligibly small when the chain length r is larger than a few
hundred!”. Equation (24) can easily be transformed into
the MWD by the use of the average molecular weight
of comonomers (M,, =M, F,+M,,F,) for such chain
lengths. Furthermore, if the difference in the molecular
weights of comonomers is small, the use of M,, would
be a good approximation to calculate the MWD from
equation (24).

The bivariate distribution of chain length and compo-
sition, W(r, y)dr dy, which is the weight fraction of
copolymer whose chain length is r to r+dr and compo-
sition deviation y to y+dy, is given by (see Appendix):

MW1F1 +Mw2F2

W(r, y)drdy= — —
. y) drdy My Fy+ My F,

[W*(r) drIIN(0, 6*) dy]
(28)

where F, and F, are the average copolymer composition
for polymers produced instantaneously, and F, and F,
are the instantaneous copolymer composition of the
specific polymer chain. The independent variable y is the
composition deviation which is defined by y=F, — F,and
N(0, a?) is the copolymer composition distribution which
is given by a normal distribution with mean zero and
variance ¢2.

o?=F,F,K/r (29)
K=[1+4F F(r;r,—1)]°3 (30)

If the number-average chain length is large enough, the
polymer radical fraction, ¢;, which is necessary to
calculate the pseudo-kinetic rate constants, would be
obtained by using the SSH for each type of polymer
radical instead of using equation (22), namely:

R12=R21 (31)

where R, , is the rate of propagation in which M, follows
M, with similar definition for R,;.

Up to this point, it has been assumed that the
termination rate constants are not chain length dependent.
It is of great interest to know whether the pseudo-kinetic
rate constant method is applicable even when the effect
of the chain length dependent termination reaction is
significant. In this case, ¢, and t, are functions of chain
length, namely, ¢,(r) and t,(r), and therefore U,(r) and
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U,(r). Equation (13) must be modified as follows:
(R, LR D=U(")[R,~ 1, 'L [Re-y 2]
><|: LU (r)/U,(r)]Py, Pzzklz/kn:l (32)
LU (r)/U,(r)]P, k5, /Ky Py,

Therefore, even though U,(r) and U,(r) change with
chain length, the mole fraction, ¢, ,°, does not change if
the ratio U, (r)/U ,(r) is independent of chain length. Since
the probability of growth, U, is very close to unity, the
assumption that U,(r)/U,(r) is independent of chain
length may be a good approximation. The chain length
distribution is, therefore, given by (see Appendix):

W*(@r)=r(+ B)(r) []—[ (D(m):l

+(r/2)(f+5)2{§ ﬁ(s,r—s)[ I d»(m)][ﬁ @(m)]}

m=1 m=1
(33)

where
©(r)=(R.a(r)+ R¢)/R, (34)
B(r)=R.(r)/R, (35)
O(r)=1/[1+7(r)+p(r)] (36)

7 and f are the average values over all chain lengths.
When the effect of chain length dependent termination
is significant, the necessary conditions for the application
of the pseudo-kinetic rate constant method are: that Py
is larger than a few hundred; and the ratio of the
probability of growth of the polymer radical with chain
length r, U,(r)/U ,(r), is independent of chain length.

MULTICOMPONENT POLYMERIZATION

The extension of the pseudo-kinetic rate constant method
to a multicomponent polymerization is straightforward.
Equations (12) and (13) can be written as follows:

((Ri: LR [R Y )= (s das s, )

U,P,,/ky, 0 0 0 7
0 U,Psy/k;, 0 0

([Rr,l.]’ [Rr.Z.]’ [Rr,S.]’ .. )
=([Rr~1,1.]5 [Rr—l,Z.]’ [Rr—1.3.] .. )

[ U,Py, U,PyoKia/kys UsPaskysfkss ... ]
U1P11k21/k11 U2P22 U3P33k23/k33
U1P11k31/k11 U2P22k32/k22 U3P33

_ : : : .

(r=2) (38)

An example of the calculated results for terpolymeriz-
ation is shown in Figure 5. The necessary conditions for
the applicaton of the pseudo-kinetic rate constant method
is the same as those for a binary system, and equations
(24) and (33) [and (A7) and (A8) in the Appendix] are

0 ' | I l
@ m.
s - Pri
5 L
0 -
E
g L J
S 0.5F —
c
R r h
w - T
@ o~ .ot
S L
2 0 ] ] 1 |

0 10 20

Chain Length: r

Figure 5 Mole fraction of radical type as a function of chain length, r
(terpolymerization, k,,/k,, =0.6,k,,/k;3;=0.4,K,,/k,; =04,k,,/k,3=
1.25,k33/k3,;=0.1,k33/k1,=0.2,U,/U,=U;3/U,=10,f,=04,1,=03
¢,.,"=1.0). The mole fraction of radical type reaches its steady state
(=overall value) within 10 steps

also applicable for a multicomponent polymerization by
application of the pseudo-kinetic rate constant defined
by equations (1)-(5).

PENULTIMATE MODEL

A prevailing view of copolymerization kinetics is that the
propagation step is, in most cases, correctly described by
the terminal model, whereas the termination process is
more complex and still to be elucidated. However, it has
recently been speculated that it is the propagation step
that needs to be examined, and the penultimate effect on
the propagation reactions is being tested from the point
of view of its effect on copolymerization rate?!~28
According to these recent investigations, it may be
necessary to re-investigate the penultimate effect on the
propagation step for many copolymerization systems
whose cross-termination factor proposed by Walling?®
deviates greatly from unity. The sequence length distri-
bution may, in some cases, not be effective for establishing
the validity of the terminal model®’.

The pseudo-kinetic rate constants based on the penul-
timate model for copolymerization are as follows:

N N N
k,= '21 ;1 kgl kijkd)ij'fk (39)
N N
m= Z Z kf,-,-kd)ij.fk (40)
i=1 j=1 k=1
T ka‘«j(bij. (41)

H

k!dijk1¢ij.¢kl. (42)

u[\/]z ”MZ EMz ﬂ[\/]z
= UINZE ]Mz
M=

itz 0
'Mz IMz

tcijkld)ij.d)kl‘ (43)

=1 k=1 1=

These pseudo- kmetlc rate constants give the exact
reaction rate. For example, the propagatlon rate, R,,, and
the rate of termination, R, are given by equations (8) and
(9), respectively. It is stralghtforward to show that the
necessary condition for the application of these pseudo-
kinetic rate constants for the calculation of the MWD is
that the mole fraction of radical type is independent of
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Figure 6 Mole fraction of radical type as a function of chain length, r
(penultimate model, ky,;/K;12=Kz11/K212, =04, k;355/Ka51 =K 55/K454
=0.6, k211/1(111 =0.5, k122/k222=0'35 kzzz/k111 =03, U12/U11 =
Uy /Uy =U,,/U =10, f1=0.25, ¢, ,"=1.0). The mole fraction of
radical type reaches its steady state (= overall value) within 10 steps

chain length, namely:

¢11.=¢2,11.="'=¢r,11.="' (44a)
¢12.=¢2,12.="'=¢r,12.="' (44b)

G135 =¢r13="""=¢,13="-" (44¢)

¢ij.=¢2,ij.= T =¢r,ij.= T

As an example, let us consider a binary copolymerization
system. By application of the SSH for each type of
polymer radical with chainlengthr, [R, ;;]is given by:

([R,,11'], [Ry,127], [Ry 2171, [R, 257])
=(Rr-1.11'L IR - 1,127) [R, -1 217), [Ry257])

UyPyyy 2209 2P SVPY) SPPY 0 0
0 0 Uz Poyikiai/kan UzaPasokiaa/kaa,
UnPrkan/ky UaPragkaia/kaa: 0 0
0 0 Uz Payikaai/Kan UzaPy;

r=3) (45)

One of the calculated results is shown in Figure 6. In the
figure, ¢, ,,'=1 was assumed. The fundamental argu-
ment is the same as previously discussed, and the
necessary condition for the application of the pseudo-
kinetic rate constant method is that Py is larger than a
few hundred.

Even when the effect of chain length dependent
termination is significant, it is straightforward to show
that the pseudo-kinetic rate constant method is applic-
able if the ratio of the probability of chain growth,
U;{r)/U,,(r)=B;j, is independent of chain length.

CONCLUSIONS

By application of the pseudo-kinetic rate constant
method, the kinetic treatment of a multicomponent
polymerization reduces to that of a homopolymerization,
and therefore, this method is a powerful tool to analyse
the kinetics and the MWD of a multicomponent polym-
erization. This method is applicable for any order of
Markov chains, and is applicable for the calculation of
chain length distribution if the number-average chain
length is larger than a few hundred. Even when the effect
of chain length dependent bimolecular termination is
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significant, the pseudo-kinetic rate constant method is
practically applicable, if the change in the ratio of the
probability of chain growth with chain length is negligible.
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APPENDIX

Kinetic derivation of the weight-chain length
distribution in free-radical homopolymerization

By application of the SSH for polymer radicals with
chain length r, one obtains:

_ Ry + k¢ [MI[R]T + ke [T][R']

K, IM+ kM1 + ke[ T] + (ko +kio)[R]
_ JIMI[R, ;"]

G IMT + kg [M] + kg [TT + (ke +ki)[R']

where R, is the rate of initiation.
Using the ratios that are defined by equations (25) and

(A1)

[Ry]

(R,] (A2)
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(26) in the text, equations (A1) and (A2) reduce to:

. T+ .
= A3
(R,] 1+r+ﬁ[R] (A3)
-1 .
[Rr]—HH_B[Rr-l] (A4)
therefore,
[R,1=[R](z+p)®’ (A5)

where @ was defined by equation (27) in the text.

The instantaneous weight-chain length distribution,
W*(r) [=rRgp(r)/Y;% 1 rRep(r), where Rgp(r) is the pro-
duction rate of polymer molecules with chain length r},
is therefore given by equation (24) in the text. The
instantaneous number- and weight-average chain lengths
(Py and Py, respectively) are given by:

P 1+7+f 1
t+B2  t+B2
P 2+t +pB+1+p) 2t+3p
" (c+B) (c+B)*
If r is large enough, equation (24) can be approximated
as follows:

W*(r)=(t+ Bt + (B/2)(x+ B)(r— 1)Ir exp[ —r(z + B)]
(A8)
When the effect of chain length dependent bimolecular

termination is significant, equation (AS) must be modified
as follows:

(T, p«1) (A6)

(r, B«1) (A7)

[R]=(+ ﬁ)[ lf[ ®(m)] [R] (A9)

Therefore, the weight-chain length distribution is given
by equation (33) in the text.

Stockmayer’s bivariate distribution of chain length
and composition

In statistical copolymerization, the chain length of a
copolymer is finite, and therefore, the compositions as
well as the chain lengths of the individual chains cannot
be identical. Therefore, for copolymer chains produced

instantaneously (in a very small time interval) there is a
bivariate distribution of composition and chain length.

It was Simha and Branson*® who proposed a very
extensive and rather complete treatment of the statistics
of copolymerization by application of the terminal model
for copolymerization. However, their results were in fairly
complex formulations and therefore difficult to apply
directly. Stockmayer!” proposed a simple expression by
replacing summations with integrals and factorials with
expressions based on Stirling’s approximation. It is
straightforward to derive equation (A8) starting from the
Stockmayer bivariate distribution’. If the molecular
weight of monomer 1, M, and that of monomer 2,
M,,, are equal, the Stockmayer bivariate distribution
states that the weight fraction of copolymer whose chain
length is r to r 4+ dr and composition deviation y to y +dy
is given by the following equation:

W*(r,t)dr dy=WH*(r)dr Comp(y|r)dy (A10)

Namely, the Stockmayer bivariate distribution, W*(r, y)
consists of the product of weight-chain length distri-
bution, W*(r), and composition distribution, Comp(y|r),
which is given by the conditional probability distribution
given the chain length r. [It has also been shown
that equation (A10) is practically applicable even when
the effect of chain length dependent termination is
significant’.] The composition distribution, Comp(y|r)
is a normal distribution whose variance, ¢ is given by
equations (29) and (30) in the text. Roughly speaking,
Stockmayer’s composition distribution is a good approxi-
mation for chain lengths larger than 50 if the average
chain length is large enough (U,~1 and U,~1). An
example of the calculated results is shown in Figure A1

Recently, a modified Stockmayer equation, which
accounts for comonomers with different molecular weights,
was proposed by Tacx et al.>'. In their paper, a correction
factor was derived and they investigated conditions
where this correction factor has significant effect on the
bivariate distribution. Unfortunately, the physical mean-
ing of this correction factor as derived by Tacx et al. is
obscure. We now derive a correction factor whose
physical interpretation is clear.

When M, #M,,,, the bivariate distribution which
accounts for the different molecular weights of co-
monomers, W(r, y) is given by:

Wir, y)dr dy
(M1 F i+ M, FL)[W*(r) dr][N(0, %) dy]
T 0, (My F, + M F)W*(IN(O, o%) dy dr
[denominator of equation (A11)]

(Al1)

=f W*(r) J (M1 Fi+ M, F3)N(0, 62)dy dr
r y

=(M, F,+M,,F,) j

W*(r)j N(0, o%)dy dr
+(Mw1—sz)f W*(V)J yN(0, ¢%)dy dr
r y

=M, F,+M,,F, (A12)

Therefore, W(r,y) is given by equation (28) in the
text, and the meaning of the correction factor
(=M F+M,F,)/ (M, F,+M,,F,)] is obvious.

POLYMER, 1991, Volume 32, Number 14 2647



